Abstract. We prove that for any weakly convergent sequence of finite graphs with bounded vertex degrees, there exists a topological limit graphing.
Introduction
First let us recall the notion of weak convergence of finite graphs [2] . We need some definitions and notations. A rooted graph is a simple graph with a distinguished vertex (the root). Two rooted graphs are called rooted isomorphic if there exists a graph isomorphism between them mapping one root to the other one. A rooted r-ball is a rooted graph G(V, That is G determines a probability distribution on U r,d for any r ≥ 1. Now let {G n } ∞ n=1
be a sequence of finite simple connected graphs with vertex degrees bounded by d and
is weakly convergent if for any r ≥ 1 and A ∈ U r,d , lim n→∞ p Gn (A) exists.
Now let X be a standard Borel space with a measure µ. Suppose that T 1 , T 2 , . . . , T k are measure preserving Borel involutions of X. Then the system G = {X, T 1 , T 2 , . . . , T k , µ} is called a measurable graphing. A measurable graphing G determines an equivalence relation on the points of X. Simply, x ∼ G y if there exists a sequence of points {x 1 , x 2 , . . . , x m } ⊂ X such that
Thus there exist natural simple graph structures on the equivalence classes, the leafgraphs. Here x is adjacent to y, if x = y and T j (x) = y for some 1 ≤ j ≤ k. Now if
, we denote by p G (A) the µ-measure of the points x in X such that the rooted r-neighborhood of x in A in its leafgraph is isomorphic to A. We say that G is the limit graphing of the weakly convergent sequence {G n } ∞ n=1 , if for any r ≥ 1 and A ∈ U r,d
Combining the ideas of [2] and [3] one can see that for any weakly convergent graph sequence there exists a measurable limit graphing G. Note that for dense graph sequences an analogous construction is given in [4] .
If X is a compact metric space with a Borel measure µ and
ing. The goal of this note is to give a simple, self-contained proof of the following theorem.
is a weakly convergent system of finite connected graphs, then there exists a topological graphing G such that for any r ≥ 1 and
The construction of the limit graphing
Our graphing construction is motivated by the ideas of [2] , [1] and [3] . Let {G n } ∞ n=1 be a weakly convergent sequence of finite connected graphs, such that |V (G n )| → ∞ and i , then these conditions are satisfied.
Now for any i ≥ 1 and n ≥ 1 we fix a vertex coloring of G n by the elements of a set Q i , 
G , then τ (G n , A r ) denotes the number of vertices x of G n such that the r-ball around x has colored type A r . Note that
where B r+1 | A r ∼ a means that the summation is taken over such B r+1 that
• either there is no edge colored by a going out from the root x of B r+1 and the r-ball around x is of type A r
• or there exists (x, y) ∈ E(G n ) colored by a and the r-ball around y is of type A r .
Also note that
Then
Hence the proposition follows.
In order to finish the proof of Theorem 1 we only need to prove the following proposition. The proof shall be given in two lemmas.
Lemma 2.1 Let x = {A 1 ≺ A 2 ≺ . . .} ∈ X be a chain. Let {i 1 , i 2 , . . . , i s } and {j 1 , j 2 , . . . , j t } sequences of elements of S such that s, t ≤ r. Suppose that
Note that the involutions are defined both on the graphs and on the space X.
Lemma 2.2 Let x be as above and
Proof. This is the point where we need the vertex coloring. Recall that in A 2r , Again let x = {A 1 ≺ A 2 ≺ . . .} and v be the root of A r . Suppose that w ∈ A r and w = T i 1 T i 2 . . . T is (v). Then let φ(w) := T i 1 T i 2 . . . T is (x). By Lemma 2.1, φ is well-defined and by Lemma 2.2, φ is injective. Since any element of the r-ball around x in the leaf-graph of x is in the form T j 1 T j 2 . . . T jt (x), for some t ≤ r and {j 1 , j 2 , . . . , j t }, φ is also surjective.
Hence φ is a bijection between A r and the r-ball around x in the leaf graph of x. Note that φ preserves adjacency. Thus our proposition and consequently Theorem 1 follow.
